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On the anti-forcing number of benzenoids
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The anti-forcing number is introduced as the smallest number of edges that have
to be removed that any benzenoid remains with a single Kekulé structure. Similarly,
the anti- Kekulé number is discussed as the smallest number of edges that have to
be removed that any benzenoid remains connected but without any Kekulé structure.
These concepts have been exemplified on damaged benzenoid parallelograms.
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1. Introduction

The forcing number of benzenoids has been introduced in this journal about
15 years ago by Harary et al. [1]. The roots of this concept can be found in an
earlier paper by Randić and Klein [2]. There, the forcing number has been called
the innate degree of freedom of a Kekulé structure, although the term the forcing
number was also used. The forcing number is equal to the smallest number of
double bonds that completely determines the Kekulé structure of a given benze-
noid. After this initial report, several papers appeared reporting the forcing num-
ber of hexagonal systems and square grids [e.g., 3,4].

Recently, the total (or global) forcing number is defined in the following way
[5]: let G = (V (G) , E (G)) be a graph G with a perfect matching (or Kekulé
structure). Denote by K (G) the set of all Kekulé structures in G and consider
functions fS : K (G) → {0, 1}S defined by:

[ fS (κ)]i =
{

1, ei ∈ κ,

0, ei /∈ κ.
(1)
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If fS is an injection, then S is global forcing set. A global forcing set of the
smallest cardinality is called a minimal global forcing set, and its cardinality is
the global forcing number of G.

In the present report, we introduce a quantity that is opposite to the forcing
number that we call the anti-forcing number.

2. Definitions

Let G = (V (G) , E (G)) be a graph G with a perfect matching. Anti-forcing
set of G is the set S such that G-S has a unique Kekulé structure. Anti-forcing
set of the smallest cardinality is called the minimal anti-forcing set, and its car-
dinality is the anti-forcing number of G and we denote it by a f (G).

Anti-Kekulé set of G is the set S such that G-S is a connected graph and it
has no Kekulé structures. Anti-Kekulé set of the smallest cardinality is called a
minimal anti-Kekulé set, and its cardinality is the anti-Kekulé number of G and
we denote it by ak (G).

In our recent paper [6], the damaged benzenoids are analyzed. Here, we
consider the anti-forcing number as the smallest number of edges that have to be
removed (damaged) in order that G remains with a single Kekulé structure. We
also consider the anti-Kekulé number of G as the smallest number of edges that
have to be removed (damaged) in order that G remains connected, but without
any Kekulé structures.

As in our earlier papers [6,7], we consider parallelogram-like shaped benze-
noids, called benzenoid parallelograms [8–10], Bm,n consisting of m ×n hexagons,
arranged in m rows, each row consisting of n hexagons. We ilustrate this by pre-
senting benzenoid B3,4:

3. Theorems

Let us prove the following theorem:

Theorem 1. a f
(
Bm,n

) = 1, m, n � 3.

Note there are only two minimal-anti-forcing sets, each consisting of one
bold edge in the following figure:
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Proof. Denote the upper bold edge by e1 and lower bold edge by e2. Obviously,
a f

(
Bm,n

)
� 1. In the paper by Lukovits et al. [6], it is shown that Bm,n –e2 has

a unique Kekulé structure and by symmetry it follows that Bm,n–e1 also has a
unique Kekulé structure. It is sufficient to show that Bm,n − e has at least two
Kekulé structures for each e ∈ E

(
Bm,n

) − {e1, e2}.
Let us partition all edges in E

(
Bm,n

)−{e1, e2} to classes A0, A1, A2, . . . , Am
as illustrated below in the case of B5,5:

Further, denote by Kx the Kekulé structure that contains x lower left-most
vertical double bonds and m–x upper right-most vertical double bonds. The
examples for K0, K3 and K5 in B5,5 are presented below:
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Denote by K ′
0 the Kekulé structure that is obtained from K0 by rotating

three double bonds in the hexagon denoted by circle. Note that K0 and K ′
0 are

two Kekulé structures on Bm,n–e for each e ∈ A0. Denote by K ′
m the Kekulé

structure that is obtained from Km by rotating three double bonds in the hexa-
gon denoted by circle. Note that Km and K ′

m are two Kekulé structures on Bm,n–
e for each e ∈ Am .

Let 1 < i < m. Denote by K ′
i the Kekulé structure that is obtained from Ki

by rotating three double bonds in the left hexagon denoted by circle and denote
by K ′′

i the Kekulé structure that is obtained from Ki by rotating three double
bonds in the right hexagon denoted by circle. Note that for each e ∈ Ai at
least two of Ki , K ′

i and K ′′
i (Kekulé structures of Bm,n) are Kekulé structures

of Bm,n −e. Hence, for each e ∈ E
(
Bm,n

)−{e1, e2}, there are at least two Kekulé
structures of Bm,n − e.

Let us divide edges of Bm,n in two classes E1 and E2, where edges in E1
are drawn with normal lines and edges of E2 with bold lines as shown below:

Theorem 2. ak
(
Bm,n

) = 2, m, n � 3. Moreover, for every edge e ∈ E1, there
is minimal anti-Kekulé set that contains e. There is no minimal anti-Kekulé set
that contains any edge in E2.
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Proof. In the proof of Theorem 1, it is shown that for each e ∈ E
(
Bm,n

)
, Bm,n–

e has at least one Kekulé structure. Hence, ak
(
Bm,n

)
� 2.

Now, let us prove that for every edge e ∈ E1, there is the (minimal)
anti-Kekulé set with two elements that contains e (this would also imply that
ak

(
Bm,n

)
� 2). Denote e1 and e2 as in the proof of theorem 1. It is pointed out

there that Bm,n–e1 and Bm,n–e2 have exactly one Kekulé structure. These Kekulé
structures are given below:

Denote by E1’ the set of non-bold double bonds in the left figure and
denote by E1” the set of non-bold double bonds in the right figure. Note that
E = {e1, e2} ∪ E ′

1 ∪ E ′′
1 . Distinguish 2 cases:

Case 1. e = e1 or e = e2.

Since both equalities are analogous, we may assume that e ∈ e1. Let e′ ∈ E ′
1

be any edge. Since, Bm,n–e1 has the only one Kekulé structure and e′ is double
bond in this structure, it follows that Bm,n–e1 − e′ has no Kekulé structures. One
can easily see that Bm,n − e1–e′ is connected. Hence,

{
e1, e′} is the minimal anti-

Kekulé set.

Case 2. e ∈ E
′
1 or e ∈ E ′′

1 .

Since both equalities are analogous, we may assume that e ∈ E ′
1. Since there

is only one Kekulé structure on Bm,n–e1, then there are no Kekulé structures on
Bm,n–e1 − e. One can easily see that Bm,n–e1 –e′ is connected. Therefore {e, e1}
is minimal anti-Kekulé set on Bm,n .

It remains to prove that each e ∈ E2 is not contained in any minimal anti-
Kekulé set. Divide E2 in three sets E2 = E ′

2 ∪ E ′′
2 ∪ { f1, f2, f3, f4} where edges

of E ′
2 are drawn with vertical bold lines and edges of E ′′

2 with non-vertical bold
lines as in B5,5 shown below:
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Case 1. e ∈ E ′
2.

Suppose that
{
e, e′} is the minimal anti-Kekulé set for some e′ ∈ E

(
Bm,n

)
.

Denote K0, K1, . . . , Km as in the proof of the last theorem. Denote by s (Ki ) the
set of single edges of Kekulé structure Ki . Note that e ∈ s (Ki ) for each i =
0, . . . , m. Also note that E

(
Bm,n

) = ⋃m
i=0 s (Ki ). Hence, there is Ki such that{

e, e′} ∈ s (Ki ), but then Ki is the Kekulé structure on Bm,n\
{
e, e′}. This is con-

tradiction.

Case 2. e ∈ E ′′
2 .

Suppose that
{
e, e′} is the minimal anti-Kekulé set for some e ∈ E

(
Bm,n

)
.

Denote by Hx the Kekulé structure that contains x left lower-most downward
double bonds and m–x right upper-most vertical double bonds. The examples for
H0, H3, and H5 in B5,5 are presented below:
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Denote by s (Hi ) the set of single edges of the Kekulé structure Ki . Note
that e ∈ s (Hi ) for each i = 0, . . . , m. Also note that E

(
Bm,n

) = ⋃m
i=0 s (Hi ).

Hence, there is Hi such that
{
e, e′} ∈ s (Hi ), but then Hi is the Kekulé structure

on Bm,n\
{
e, e′}. This is contradiction.

Case 3. e ∈ { f1, f2, f3, f4}.
Because of the symmetry, we may assume that e ∈ { f1, f2}. Suppose that{

e, e′} is the minimal anti-Kekulé set. Note that e′ �= e1, because Bm,n–e–e1 is
disconnected. It follows that Bm,n –e–e′ has a Kekulé structure if and only if
B ′

m,n–e′ has a Kekulé structure when B ′
m,n is obtained form Bm,n by deletion of

the left-upper hexagon. Damaged B5,5 denoted byB ′
5,5 is shown below:

Define K ′
0, K ′

1, . . . , K ′
m analogously as K0, K1, . . . , Km . Examples for K ′

0,
K ′

3, and K ′
5 in B5,5 are given below:
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Define s
(
K ′

i

)
analogously as before and note that E

(
B ′

m,n

) = ⋃m
i=0 s

(
K ′

i

)
.

Hence, there is K ′
i that does not contain e′. This is contradiction.

4. Conclusion

The concept of forcing number of benzenoids is known for sometime. It is
defined as the smallest number of double bonds that completely determines the
Kekulé structure of any benzenoid. Here, we introduced the anti-forcing num-
ber as the smallest number of edges that have to be removed from a benzenoid
to remain with a single Kekulé structure. Additionally, we introduced the anti-
Kekulé number as the smallest number of edges that have to be removed from a
benzenoid so that it remains connected, but without any Kekulé structure. These
concepts have been illustrated on damaged benzenoid parallelograms, that is par-
allelogram-like shaped benzenoids with selected edges removed (damaged).

Acknowledgments

This work was supported in part by Grants No. 0037117 and No. 0098034
of the Ministry of Science, Education and Sports of Croatia.

References
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